Let A be a two-dimensional abelian variety of CM-type defined over Q, which is not simple over C. Let p be a prime number.
End( A)
This result is contained in the following theorem. This paper is organized as follows: In Section 2, we discuss torsion points of elliptic curves with complex multiplication and give a proof of Theorem 1.1 (1) . In Section 3, we study singular abelian surfaces using restriction of scalars of elliptic curves. In Section 4, we give a proof of Theorem 4.2, which shows Theorem 1.1 (2) . In Section 5, we construct abelian surfaces over Q with torsion points of order 5 or order 7.
Notation. Throughout we denote by K an imaginary quadratic field, by h its class number, and by H the Hilbert class field of K . Suppose A is an abelian variety defined over a field L. We write
of A down to M as defined in [4] and [15] . Suppose a group G operates on a finite dimensional vector space M over a field k. We denote by M G the subspace of M fixed by G and M the semi-simplification of M as a G-space.
Torsion on elliptic curves with complex multiplication
Let K be an imaginary quadratic field and H be its Hilbert class field. We consider that all extensions of K are contained in the complex number field C and ρ denotes the complex conjugation of C. 
The following corollary is Theorem 1.1(1). it is easy to see that M i
G Q = 0 and this completes the proof. 2
Singular abelian surfaces
An abelian surface A over C is called singular if A is isogenous to E × E, where E is an elliptic curve with complex multiplication by K (see [13] ). We say that A is associated with K . Now let A be an abelian surface of CM-type defined over Q, which is simple over Q but not simple over C. Then A is isogenous to E × E over a finite Galois extension k of Q, where E and E are elliptic curves with complex multiplication. Since A is isogenous to a Q-simple part of R k/Q (E) ∼ = σ ∈Gal(k/Q) E σ and E σ (σ ∈ Gal(k/Q)) are isogenous to each other, we see that E and E are isogenous. Hence A is singular in the above sense.
Henceforth we shall investigate the structure of a singular abelian surface A defined over Q with associated imaginary quadratic field K .
Lemma 3.1. Let A be a singular abelian surface defined over a number field L. Then
Now we consider a class of elliptic curves E defined over the Hilbert class field H of K satisfying the following condition.
( * ) H(E tors )
is an abelian extension of K .
Such curves are treated in [2, 3, 8, 10, 12] . In the followings we especially refer to [8, §4] . If the discriminant D K of K is of the form
where p 1 , . . . , p t are prime numbers satisfying p 1 ≡ · · · ≡ p t ≡ 1 mod 4, we call K exceptional. If K is not exceptional, there exists a subclass of curves (Q-curves) over H satisfying an additional condition:
If K is exceptional, there are no curves satisfying ( * * ). In this case, we specify some class of curves in the following way. For a prime ideal q of K , let U q denote the local unit group at q of K and put
∞ we obtain a Hecke character ϕ such that ψ = ϕ • N H/K is an algebraic Hecke character of an elliptic curve E over H satisfying ( * ). Then ϕ is called of type ν (see [9] ) and we can also view ϕ as a character on ideals of K prime to the conductor of ϕ. Since ψ ρ = ψε 8 and ε 8 is the character corresponding to the extension H(
. This implies that in the isogeny class of E we can choose a model defined over the fixed subfield of H( √ 2) by ρ (see [3, §10] ). From now on we set
and denote by F 1 the fixed subfield of H 1 by ρ. We fix once and for all an elliptic curve E 0 over F 1 satisfying ( * ) defined as above. Now let A be a Q-simple singular abelian surface defined over Q associated with K . There is a non-trivial homomorphism A → E 0 . By the universal property of restriction of scalars of abelian varieties, there exists a Galois extension k/Q containing H 1 such that A is K -isogenous to a factor of R k/K (E 0 ). Let k 1 be the smallest extension over H 1 where all homomorphisms from E 0 to A are defined. For any σ ∈ Gal(Q/Q) we have Hom
Since A σ = A and E σ 0 is isogenous to E 0 over H 1 , we obtain k σ 1 = k 1 . Therefore k 1 is Galois over Q.
In this situation we give the following two propositions about k 1 . 
2). (ii) If A is not K -simple, then h = 1, E Q (A) = K and A ∼ R K /Q (E) with an elliptic curve E defined over K
and not defined over Q. 
Proof. (i) Since
2), the field of 8-th root of unity; hence
Torsion on singular abelian surfaces Proposition 4.1. Let k/L be a Galois extension of number fields of degree m. Let E be an elliptic curve over k and put B = R k/L (E). We write N = E[p] for a prime number p. If
, our assertion is clear. 2
Remark. The assertion B[p]
G k = 0 implies that every abelian variety isogenous to B over k has no k-rational point of order p.
The following theorem shows Theorem 1.1(2). 
and A is isogenous to a factor of R k 1 /H 1 (E 0 ). As defined in Section 3, the algebraic Hecke character ψ 0 [6, p. 160] 
Construction of Q Q Q-rational torsion
Here we give examples of Q-rational torsion of order 5 and 7 on singular abelian surfaces over Q with associated imaginary quadratic fields Q( Denote by ϕ the Hecke character of type ε and let A be an abelian surface attached to ϕ. Then as in 1), A(K ) contains a point of order 7 and from this we can show the existence of Q-rational point of order 7 on a singular abelian surface over Q.
